Abstract. Conditions are given on a noncompact manifold which allow one to conclude that 0 is in the spectrum of the Laplacian on M.
(A + d/dt)[H,(x,y0)} =0 for t > 0;
(ii) as t -» 0, H,(x, y) converges to the Dirac 5-distribution. The existence and uniqueness of H,(x, y) are established in [2] . See also [4] for many properties of H,(x, y) used below.
The object of this note is to prove:
Theorem. Assume that M satisfies the following three conditions: (a) There is a constant a such that the sectional curvatures of M are > -a. Then, if M has subexponential growth, 0 is in the spectrum of A.
Condition (b) is a special case (T = 1) of an inequality that was studied by Donnelly in [4] , where it was verified for a large class of manifolds. We remark that his proof gives condition (b) as a consequence of bounds on the local geometry of M. More precisely, if there is a positive number r0 such that the injectivity radius at each point is greater than r0, then one constructs the parametrix H,(x,y), I > n/2, in terms of the local geometry of M. If one then has the estimate
for 0 < / < 1, where (const) is independent of x,y, t, then the argument of [4] establishes (b).
Unfortunately, we do not know whether (c) is similarly a consequence of bounds on the local geometry of M, for instance, we do not know whether (a) and (b) imply (c). It is established in [2] that if M is a "model space", for instance a rank 1 symmetric space, then H,(x, y0) is a decreasing function of the distance from x to y0, so that (c) follows with K = I.
We prove the Theorem in §1. In §2 we present some remarks concerning the situation where we allow M to have positive exponential growth.
We remark that the Theorem is the analogue in Riemannian geometry of the following group-theoretic result: If G is a finitely-generated group with subexponential growth, then G is amenable. The best proof of this, together with definitions of the terms involved, may be found in [6] . The relationship between the group theory and the Riemannian geometry may be found in [1] and [8] .
A result similar to the Theorem has been proved by Cheng and Yau [3] under the more restrictive assumption that M has polynomial growth, but without assumptions such as (a)-(c) above. Their technique is to select test functions constructed from the distance function on M, and is more elementary than that presented here.
For other results using the heat kernel on noncompact manifolds, see [2] , [4] , [5] . The author would like to thank the referee for many valuable remarks, including bringing to the author's attention some of the references cited above, and acknowledges with pleasure helpful conversations with Jeff Cheeger and Scott Wolpert. Proof. From the lower bound given in (a) for the sectional curvature, it is a standard result in comparison theory (see [4] or [9] ) that there are constants C and w such that V(r, y) <Ce^ for ah> G M. where the second inequality comes from replacing the shell r < d(x, y) < r + e with the ball B(r + e, y), which has strictly greater volume. Now the right-hand side is clearly integrable, so that taking r0 sufficiently large, we have f
Hx(x,y)dx < 1 -a.
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Applying (i) of Proposition 1, this gives / Hx(x, y) dx > a, JB(roj) which says that r(l,_y) < r0, establishing the lemma. dx. dx.
where the first equality comes from (2) and (3) According to Lemma 1, each term in the iterated integral is > a, so the entire expression is > a".
Thus ra(n, y) < n • ka for all n, and the lemma is established.
Proof of Theorem. Suppose that the spectrum of A is bounded below by X > 0, and letj>0 be any point in M.
By the spectral representation of H,(x, y) (see [2] ), one sees easily that ",OWo) < (tfiOWo))-*-*'-0 fort > 1.
Applying condition (c), we have 1 -f H,(x,y0) dx < H,(y0,y0) < (Hx(yo,y0))e'^'-x\ V\r,yo)JB(rj0) «< < (Hx(y0,y0))e^'-X\
We now substitute r = ra(t,y0) to get 1 V{ra(k,y0),y0)
or, equivalently, e(*+iog(a)), < Hx(yo,y0)-V(ra(k,yQ),y0)ex
here p is greater than the exponential growth of M, and (const) depends on p.
Choosing a sufficiently close to 1 so that A + log(a) > 0, we now apply Lemma 2 to get e[A + log(a)]n < (const)^-*»-« for n a positive integer. Choosing ju < (X + log(a))/ka, which we may do since M has subexponential growth, gives a contradiction for n sufficiently large. This contradiction establishes the Theorem.
2. Some remarks. It follows from the proof that if M satisfies conditions (a)-(c) above, and if X denotes the greatest lower bound of the spectrum of A and u > 0 the exponential growth of M, then we have lim. rxra(t,y0) > (X + \og(a))/p. /->oo This suggests that the ratio X/p, is an interesting invariant of the heat flow of M; roughly speaking, X/p estimates the linear growth of the radius of a ball containing some fixed amount of heat.
One checks easily that the ratio X/p2 is unchanged by multiplying the metric by a constant: multiplying the metric by a constant k multiplies A, and hence X, by l/k2; and multiplies the volume of a metric ball B(r) by k", while multiplying the radius of the ball by l/k. The net effect is to multiply p by l/k, leaving the ratio X/p2 unchanged.
More generally, one may ask whether X/p2 remains unchanged under more complicated perturbations of the metric. In particular, if M is the universal cover of a compact manifold A, is X/p2 independent of the metric chosen on A?
One may compute X/p2 readily in a few cases. According to McKean [7] , (see also [10] ), if M is a simply-connected space of dimension n, all of whose sectional curvatures are < -k < 0, then we have the estimate X > (n -1)2k/4; we have equality if M has constant negative curvature.
According to [8] or [9] , for spaces of constant negative curvature -k, we have p = (n -1)ki/2.
Thus X/p2 = 1/4 for hyperbolic space of dimension n.
